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Jet Mixing Noise from Fine-Scale Turbulence

Christopher K. W. Tam¤ and Laurent Auriault†

Florida State University, Tallahassee, Florida 32306-4510

It is known that turbulent mixing noise from high-speed jets consists of two components. They are the noise
from large turbulent structures in the form of Mach wave radiation and the less directional � ne-scale turbulence
noise. The Mach wave radiation dominates in the downstream direction. The � ne-scale turbulence noise dominates
in the sideline and upstream directions. A semiempirical theory is developed for the prediction of the spectrum,
intensity, and directivity of the � ne-scale turbulence noise. The prediction method is self-contained. The turbulence
informationis supplied by the k– turbulence model. The theory contains three empirical constantsbeyond those of
the k– model. These constants are determined by best � t of the calculated noise spectra to experimental measure-
ments. Extensive comparisons between calculated and measured noise spectra over a wide range of directions of
radiation, jet velocities, and temperatures have been carried out. Excellent agreements are found. It is believed that
the present theory offers signi� cant improvements over current empirical or semiempirical jet noise prediction
methods in use. There is no � rst principle jet noise theory at the present time.

I. Introduction

S INCE the pioneering work of Lighthill,1;2 there have been nu-
merous attempts to develop a jet noise prediction theory. In

the literature, one � nds many proposed theories and semiempirical
theories. The main dif� culty in predicting jet noise is our lack of
understanding of the turbulence in jet � ows. This is true even to-
day. However, many of the fundamental physics of jet � ows that
affect the propagation and radiation of jet noise were recognized
very early. They have been incorporated into some of the theories.
These effects include mean � ow refraction3;4 and source motion.5

An excellent review on jet noise theories up to the late 1980s can
be found in Ref. 6. References 7–9 provide reviews on the same
subject. However, they include some of the more recent works, and
the emphasis and perspectivesare quite different.

Recently, Tam et al.10 suggested that, because there is no intrin-
sic characteristic length scales and timescales in the mixing layer
of a high Reynolds number jet (up to the end of the core region),
not only the mean � ow and the turbulence statistics must exhibit
self-similarity, the same must be true for the radiated noise. By ex-
amining the entire data bank (1900 spectra in all) of the Jet Noise
Laboratory of the NASA Langley Research Center, they found that
turbulent mixing noise of high-speed jets consisted of two dis-
tinct components10 (see also Ref. 9). Each componentexhibits self-
similarity of its own. One component radiates principally in the
downstream direction. This is consistent with Mach wave radia-
tion from the large turbulence structures/instability waves of the jet
� ow.11 – 13 The other component that has a relatively uniform direc-
tivity is dominant in the sideline and upstream directions. These
characteristics suggest that it is the noise from the � ne-scale tur-
bulence of the jet � ow. Tam et al.10 succeeded in identifying two
similarity spectra from the data. They demonstrated that one of
the spectra they found � tted the noise from the large turbulence
structures and the other the noise from the � ne-scale turbulence
regardless of the jet velocity, temperature, and direction of radia-
tion. More recently, Tam14 showed that even the noise spectra of
nonaxisymmetricjets including jets from rectangular,elliptic, plug,
and suppressornozzles � tted the same two empirically found simi-
larity spectra. This indicates that the noise sources of these jets are
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similar to those of the circular jet. Their noise is also made up of two
components.

The primary objective of this work is to develop a semiempiri-
cal theory for the prediction of the � ne-scale turbulencenoise from
high-speed jets. The present theory is self-contained. The turbu-
lence information of the jet � ow needed for noise prediction are
supplied by the k–" turbulence model. Because the k–" model is a
semiempirical model, the present theory is also semiempirical. As
will become clear later, the noise predictionformula developedhere
contains three empirical constants.These constants are determined
by best � t to the noise data. Once the constants are decided, the
formula can provide accuratenoise spectrum and directivitypredic-
tions over the jet velocity ratio range of u j=a1 D 0:4–3:0, where u j

and a1 are the fully expandedjet velocity and ambient sound speed,
and temperature ratio range of Tr =T1 D 1:0–5:0, where Tr and T1
are the jet reservoirand ambient temperature.This parametricrange
brackets all known jet noise experimentsand commercial jet engine
operating conditions.

The use of the k–" turbulence model to predict jet noise is not
new. Khavaran et al.,15 ;16 Bailly et al.,17– 19 and Bailly20 employed
the k–" model to provideturbulencestatisticsto their chosenversion
of the acoustic analogy theory for supersonic jet noise prediction.
Khavaran et al.15 ;16 tuned their empirical constants to � t the mea-
sured jet noisedata at Mach1.4.However,evenat this Machnumber,
the calculatedspectrado not � t the measureddata well at 90 deg and
in the forward direction for which the � ne-scale turbulence noise
dominates.Bailly et al.17 – 19 and Bailly20 were more interestedin us-
ing their model to calculate Mach wave radiation from supersonic
jets. There is fair agreement between their computed and measured
directivitydata,but thecalculatedspectraldistributionsdonotmatch
well with experiments.

To develop a � ne-scale turbulence noise theory requires many
steps. We will � rst turn to the question of how � ne-scale turbu-
lence in a jet generates sound. For this purpose, we will use the gas
kinetic theory analogy. The use of gas kinetic theory to elucidate
ideas in turbulenceis well established.21 Consider the motion of gas
molecules in a moving frame � xed to the mean velocity Nv as shown
in Fig. 1. Suppose m is the mass of a molecule, and n is the number
density.Because of the randommotion of the gas molecules, the gas
exerts a pressure p on its surroundings.It is a simple matter to show,
following standard kinetic theory of gases,22;23 that p is given by

p D 1
3
mnhv ¢ vi D 1

3 ½hº2i .1/

where v is the random molecular velocity, ½ is the density of the
gas, and h i is the ensemble average.

Now we will regard � ne-scale turbulence as small blobs of � uid
moving randomly,as shown in Fig. 2. Again, let v be the randomve-
locityof the � ne-scaleturbulencemeasuredin themean � ow moving
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Fig. 1 Random motion of gas molecules in the moving frame � xed to
the mean velocity ÅV.

Fig. 2 Random motion of blobs of � ne scale turbulent � uid in a frame
of reference moving with the mean velocity ÅV.

frame. By analogy to the gas molecules of Fig. 1, the � ne-scale tur-
bulence effectively exerts a pressure pturb on its surroundings.This
pressure, following Eq. (1), is equal to

pturb D qs ´ 1
3
½hº2i D 2

3
½ks .2/

where ks D 1
2
hº2i is the kinetic energy of the � ne-scale turbulence

per unit mass. The pressuregiven by Eq. (2) is a macroscopicquan-
tity valid for length scale larger than the size of an individual blob
of turbulent � uid. This pressure must be balanced by pressure and
momentum � ux of the surrounding � uid. If this pressure � uctuates
in time, it will inevitablygive rise to compressionsand rarefactions
in the � uid medium. This results in acousticdisturbances.Following
this reasoning,one would expect the source of � ne-scale turbulence
noise to be equal to the time rate of change of pturb or qs in the
moving frame of the � uid. In other words, Dqs =Dt , the convective
derivative of qs , is the noise source term in a turbulent � ow.

In Sec. II, the equationsgoverningthegenerationand propagation
of acoustic disturbancesin a jet � ow (generated by � ne-scale turbu-
lence) are formally derived. Here we will begin with the Reynolds
averaged Navier–Stokes (RANS) equations. The relationship be-
tween the radiated sound � eld and the source of � ne-scale turbu-
lence noise will be established. In Sec. III, a semiempirical model
of the noise source space–time correlation function is developed.
The parameters of the correlation function are then related to the
length scalesand timescalesof the k–" turbulencemodel. By means
of this source correlation function, a formula for the spectrum of
the radiated noise is derived. Extensive comparisons between the

calculated results of this formula and experimental measurements
have been carried out. A sample of these comparisons are reported
in Sec. IV. Good agreements are found over both subsonic and su-
personicMach number. Temperaturedependenceover a wide range
of jet to ambient temperature ratios is also correctly predicted.

II. Formulation
Consider the � ow of a turbulent compressible jet. A convenient

way to account for the effect of compressibility is to use Favre
average variables.24 For the present purpose, we may regard the
average as a volume average25 with a sharp Fourier cutoff � lter:

NÁ.xi / D G xi ¡ x¤
i ; 1 Á x¤

i d3x¤
i

where G is the � lter function, 1 is the � lter width, and

G xi ¡ x¤
i ; 1 d3x¤

i D 1

Here the � lter width is chosen to be smaller than the large turbulence
structures of the jet � ow but larger than the � ne-scale turbulence.
Thus, the averaging process � lters out only the small-scale turbu-
lence.

We will decompose a � ow variable into two parts,

f D Qf C f 00 .3/

where Qf and f 00 are the Favre average and Favre � uctuating com-
ponents,

Qf D ½ f = N½

On starting from the equations of motion and by invoking the
Reynolds averaging assumption,25 it is straightforward to derive
the familiar RANS, e.g., see Ref. 26,

N½
@ Qui

@t
C Qu j

@ Qui

@x j

D ¡ @ Np
@xi

C @

@x j
.¡½u 00

i u 00
j C N¿ i j / .4/

The terms N¿ i j and ¡½u 00
i u 00

j on the right side of Eq. (4) are the vis-
cous and Reynoldsstresses,respectively.On followingthegenerally
accepted RANS approach, we will adopt the Boussinesq eddy vis-
cosity model for the Reynolds stresses, i.e.,

¡½u 00
i u00

j D 2¹t Si j ¡ 1
3
Skk ±i j ¡ 2

3
N½ks ±i j .5/

where ¹t is the eddy viscosity and

Si j D
1

2

@ Qui

@x j
C

@ Qu j

@xi

(6)

½u00
i u 00

i D 2 N½ks (7)

Of importance is that ks as de� ned by Eq. (7) is the kinetic energy
of the � ne-scale turbulence per unit mass.

As discussed in the preceding section, ks in Eq. (5) effectively
representsa pressure� eld exertedby the � ne-scale turbulenceon the
surrounding � uid. The time � uctuation of this pressure � eld causes
compressions and rarefactions in the � uid medium. In this way,
sound is generatedby the small-scale turbulence.Inside the jet � ow,
the acoustic � eld is a very small part of the unsteady � uctuations.
It is suf� cient to consider the acoustic � eld generated by the time-
dependent part of ks , denoted by Oks , to be given by the linearized
formof Eqs. (4) and (5). The linearizationis to beperformedover the
mean � ow of the jet. In addition,both molecular and eddy viscosity
terms will be ignored as they will have only a relatively small effect
on the acoustic disturbances. The linearized form of Eq. (4) with
only Oks terms retained on the right-hand side, after applying the
locally parallel mean � ow approximation, is

N½
@u i

@t
C Nu j

@u i

@x j
C u i

@ Nu j

@x j
C @p

@xi
D ¡ @qs

@xi
.8/

where

qs D 2
3

N½ Oks .9/
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is the unsteady pressure exerted by the � ne-scale turbulence. In
Eq. (8), Nu i and N½ are the mean velocity and density of the jet and ui

and p are theacoustic� eldvariablesassociatedwith Oks . We will now
supplement Eq. (8) with the linearized continuity and energy equa-
tion (ignoring viscous and thermal dissipations) to form a closed
system of equations for the acoustic � eld. With respect to a cylin-
drical coordinate system .r; Á; x/ centered at the nozzle exit (with
the x axis coinciding with the jet axis), the full set of governing
equations is

N½
@u

@ t
C Nu @u

@x
C v

d Nu
dr

C @p

@x
D ¡ @qs

@ x
(10a)

N½
@v

@t
C Nu @v

@x
C @p

@r
D ¡ @qs

@r
(10b)

N½
@w

@t
C Nu @w

@x
C 1

r
@p

@Á
D ¡ 1

r
@qs

@Á
(10c)

@p

@t
C Nu

@p

@x
C ° Np

1
r

@.vr/

@r
C

1
r

@w

@Á
C

@u

@x
D 0 (10d)

In these equations .u; v; w/ are the velocity components in the
.x; r; Á/ directions. Also, in accordance with the locally parallel
� ow approximation, N½ and Nu are regarded as functions of r alone,
and Np D p1 is constant.

A. Acoustic Field
Equations (10a–10d), except for the noise source terms on the

right, are identical to Lilley’s equation.4;6 As is well known,Lilley’s
approach was designed to account for the mean � ow refraction ef-
fect. This effect is especially signi� cant for the high-frequencypart
of the noise spectrum. This is con� rmed in the numerical results
reported in Sec. IV.

A formal solutionof Eq. (10) directly relating the radiatedacous-
tic pressure � eld to the � ne-scale turbulence intensity qs can be
found by using the space– time Green’s function of these equations.
Because qs appears on the right-hand side of Eqs. (10a–10c), three
Green’s functionsare necessary.Let .un ; vn ; wn ; pn/, with n D 1; 2,
and 3, be the Green’s functions corresponding to a source on the
right-hand side of Eqs. (10a), (10b), or (10c), respectively. These
Green’s functionssatisfythe followingnonhomogeneousequations:

N½
@un

@t
C Nu @un

@ x
C vn

d Nu
dr

C @pn

@x
D ±.x ¡ x1/±.t ¡ t1/±n1 (11)

N½
@vn

@t
C Nu @vn

@x
C @pn

@r
D ±.x ¡ x1/±.t ¡ t1/±n2 (12)

N½
@wn

@t
C Nu @wn

@x
C 1

r
@pn

@Á
D ±.x ¡ x1/±.t ¡ t1/±n3 (13)

@pn

@t
C Nu @pn

@x
C ° Np 1

r
@.vnr/

@r
C 1

r
@wn

@Á
C @un

@x
D 0 (14)

where n D 1; 2; 3. Here ±. / is the Dirac delta function and ±nm is the
Kronecker delta. The Green’s functions depend on four variables.
They are the � eld or observer coordinatesx, the source coordinates
x1, the � eld or observation time t, and the source time t1. To avoid
confusion,whenever it is necessary to display the arguments of the
Green’s function, they will always be in exactly this order, e.g.,
pn.x; x1; t; t1/.

The space– time Green’s function is related to the time harmonic
Green’s function . Oun ; Ovn; Own Opn/ by the Fourier inverse transform.
For example, we have

pn.x; x1; t; t1/ D
1

¡1
Opn.x; x1; !/exp[¡i!.t ¡ t1/] d! .15/

The equations governing the time harmonic Green’s functions are
simply the Fourier transforms of Eqs. (11–14). Recently the present
authors27 have shown that there is great computational advantage
to using the adjoint time harmonic Green’s function instead of the

time harmonic Green’s functions.On following the work of Ref. 27,
it is easy to � nd that the adjoint time harmonic Green’s function
.ua; va ; wa ; pa/ (subscript a indicates the adjoint) satis� es the fol-
lowing equations:

¡ N½ i!ua C Nu
@ua

@x
¡ ° Np

@pa

@x
D 0 (16)

¡ N½ i!va C Nu @va

@x
¡ d Nu

dr
ua ¡ ° Np @pa

@r
D 0 (17)

¡ N½ i!wa C Nu @wa

@x
¡ ° Np

r

@pa

@Á
D 0 (18)

¡i!pa ¡ Nu @pa

@x
¡ 1

r

@.var/

@r
C 1

r

@wa

@Á
C @ua

@x
D 1

2¼
±.x ¡ x1/

(19)

It is straightforward to show that the pressure � elds of the three
original time harmonic Green’s functions are related to the adjoint
Green’s function by27

Op1.x; x1; !/ D ua.x1; x; !/

Op2.x; x1; !/ D va.x1; x; !/ (20)

Op3.x; x1; !/ D wa.x1; x; !/

The arguments on the two sides of Eq. (20) satisfy the reciprocity
relation.That is, the sourcepoint and the � eld point of the adjointare
interchanged.It is clear fromEq. (20) that there is another important
advantagein usingtheadjointGreen’s function.Ifone is interestedin
the far acoustic � eld, namely, the pressure � eld, it is only necessary
to solve the adjoint equations (16–19) once to obtain .ua ; va; wa/.
On the other hand, to � nd Op1; Op2, and Op3 directly,one has to solve the
original time harmonic Green’s function equations three times. For
details of how the adjoint Green’s function can be easily computed
and how it accounts for the refraction effects of the jet mean � ow,
the readers are referred to Ref. 27.

By means of the adjoint Green’s function, the pressure � eld gen-
erated by the source terms on the right side of Eqs. (10a–10d) is
formally given by

p.x; t/ D ¡
1

¡1

ua.x1; x; !/
@qs .x1; t1/

@x1

C va.x1; x; !/
@qs.x1; t1/

@r1

C wa.x1; x; !/

r

@qs.x1; t1/

@Á

£ exp[¡i!.t ¡ t1/] d! dt1 dx1 (21)

Let

r1 ´ @

@x1
ex C @

@y1
ey C @

@z1
ez

be the gradient with respect to the x1 coordinates. Equation (21)
may be rewritten in the form

p.x; t/ D ¡
1

¡1

fr1 ¢ [va.x1; x; !/qs.x1; t1/]

¡ qs.x1; t1/r1 ¢ va.x1; x; !/gexp[¡i!.t ¡ t1/] d! dt1 dx1

(22)

whereva D .ua; va ; wa/. This formula canbe simpli� ed in two ways.
First, we can apply the divergence theorem to the � rst term of the
integrand.This converts the volume integraldx1 to a surface integral
outside the jet � ow. But qs is zero outside the jet. Thus, there is no
contribution from the � rst term. Now for va.x1; x; !/, the source is
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outside the jet � ow if x is in the far � eld. Thus, by making use of
Eq. (19), Eq. (22) becomes

p.x; t/
x outside the jet

D ¡
1

¡1

qs.x1; t1/

£ i! C Nu @

@ x1
pa exp[¡i!.t ¡ t1/] d! dt1 dx1

D ¡
1

¡1

qs.x1; t1/

£
@

@t1
C Nu

@

@ x1
pa exp[¡i!.t ¡ t1/] d! dt1 dx1

Finally, by simple integrationby parts,we � nd the desirableformula
for p.x; t/,

p.x; t/
x outside the jet

D
1

¡1

1

¡1
pa.x1; x; !/

£ exp[¡i!.t ¡ t1/] d!
Dqs.x1; t1/

Dt1
dt1 dx1 (23)

where
D

Dt1
D

@

@t1
C Nu

@

@x1

is the convective derivative following the mean � ow.
Equation (23) is the main result of this section. Obviously, it

is open to the interpretation that noise from � ne-scale turbulence
is generated by the time rate of change of the turbulence kinetic
energy or pressure in the moving frame following the convection
of the � ne-scale turbulence by the mean � ow. The term inside the
squarebracketis the adjointGreen’s functionwith the source located
at x and the � eld point at x1 according to the reciprocity relation.

B. Spectral Density of the Radiated Sound
By means of Eq. (23), the autocorrelationfunction for a point in

the acoustic far � eld may be formed, i.e.,

hp.x; t/ p.x; t C ¿ /i D
1

¢ ¢ ¢
¡1

pa.x1; x; !1/pa.x2; x; !2/

£ Dqs.x1; t1/

Dt1

Dqs .x2; t2/

Dt2
exp[¡ i!1.t ¡ t1/

¡ i!2.t ¡ t2/ ¡ i!2¿ ] d!1 d!2 dt1 dt2 dx1 dx2 (24)

In Eq. (24), h i is the ensemble average.

Fig. 3 Two-point space–time correlation of the axial velocity component in a jet: ——, measured data,28 and¢ ¢ ¢ ¢ , model function.

The spectral density of the radiated sound S.x; !/ is the Fourier
transform of the autocorrelationfunction or

S.x; !/ D
1

2¼

1

¡1
hp.x; t/p.x; t C ¿/i ei!¿ d¿ .25/

By using
1

¡1
exp[i.! ¡ !2/¿ ] d¿ D 2¼±.! ¡ !2/

it is straightforwardto derive the followingformula for S.x; !/ from
Eq. (24):

S.x; !/ D
1

¢ ¢ ¢
¡1

pa.x1; x; !1/pa.x2; x; !2/

£ Dqs.x1; t1/

Dt1

Dqs.x2; t2/

Dt2
exp[¡i.!1 C !2/t C i!1t1

C i!2t2]±.! ¡ !2/ d!1 d!2 dt1 dt2 dx1 dx2 (26)

III. Model Space–Time Correlation Function
To proceed further,we need a mathematical representationof the

noise source space– time correlation function

Dqs .x1; t1/

Dt1

Dqs.x2; t2/

Dt2

This correlation function has never been measured before. How-
ever, the two-point space–time correlation of the � uctuating ax-
ial velocity component in jets has been measured and studied by
Davies et al.28 and Chu.29 We believe that the mathematical form of
h.Dqs =Dt1/=.Dqs =Dt2/i should be similar to that of the measured
two-pointspace– time correlationfunctionof the axialvelocity com-
ponent. Here we propose to adopt a model space-time correlation
function characterizedby three parameters.We will show that, with
an appropriatechoice of the parameters, the model function � ts the
measured function of Davies et al. (Fig. 3) well.

Let » D x1 ¡ x2, ´ D y1 ¡ y2 , ³ D z1 ¡ z2 , and ¿ D t1 ¡ t2. We will
consider the following model function:

Dqs.x1; t1/

Dt1

Dqs.x2; t2/

Dt2
D

Oq2
s

c2¿ 2
s

£ exp ¡
j» j
Nu¿s

¡
2

`2
s

[.» ¡ Nu¿ /2 C ´2 C ³ 2] (27)

In Eq. (27) Nu is themean � ow velocityor the transportvelocityof the
� ne-scale turbulence. The three parameters of the model are `s , ¿s ,
and Oq2

s , where `s is the characteristicsize of the � ne-scale turbulence
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in the moving frame of the mean � ow, ¿s is the characteristic de-
cay time, and Nu¿s is the decay distance. In the limit » ; ´; ³; ¿ ! 0,
Eq. (27) becomes

Dqs .x; t/

Dt

2

D
Oq2
s

c2¿ 2
s

.28/

Thus, Oqs is a measure of the rms value of the � uctuating kinetic
energy of the � ne-scale turbulence and c¿s is a typical timescale
of the � uctuation. The coef� cient c is expected to be less than 1.0.
This indicates that the � uctuating time is shorter than the turbulence
decay time.

Figure 3 shows a plot of the correlation function (27) with `s D
0:1758 in., ¿s D 447:4 ¹s, and Nu D 3:515 £ 10¡3 in./¹s. As can be
seen, the model function is in reasonably good agreement with the
measurementsof Davies et al.28 This result assuresus that the model
space– time correlationfunctiondoes have the right functionalchar-
acteristics. We will use this model correlation function throughout
this work.

Model correlationfunction (27) has three parameters,namely,`s ,
¿s , and Oqs . They are the characteristic parameters of the � ne-scale
turbulence of the jet � ow. Here we propose to obtain the values of
these parameters through the k–" turbulence model.

It is generally known that the standard k–" turbulence model
does poorly in predicting the mean � ow of jets.30 Thies and Tam31

recognized the problem of applying the standard k–" model to jet
� ows. They proposed to modify the k–" model coef� cients and
showed convincingly, by comparison with a large set of jet � ow
data over the jet Mach number range of 0.4–2.0 and temperature
ratio of 1.0 (cold jet)–4.0, that their modi� ed k–" model is reliable
and accurate. In this work, the modi� ed k–" model of Ref. 31 is
used.

The k–" model providesonly two pieces of informationabout the
turbulence of the jet � ow. They are the averaged turbulence kinetic
energy k and the dissipation rate ". But with k and " known, it is
possible to form a length `, characterizingthe size of the small-scale
turbulence and a decay time ¿ of the turbulence as follows:

` D k
3
2 "; ¿ D k=" .29/

The parameters ` and ¿ of Eq. (29) are directly relevant to the
parameters `s and ¿s of model two-point space–time correlation
function (27). To establish their relationship, we performed a k–"
model calculation for the jet � ow of the Davies et al.28 experiment.
At the locationof the measured correlationfunctionshown in Fig. 3,
the valueof ` and ¿ obtainedwere very close to 0.176 in. and 447 ¹s,
respectively. These are the values of `s and ¿s used to match cor-
relation function (27) to the measurements. We, therefore, believe
that `s and ¿s of our model correlation function is directly related
to ` and ¿ of the k–" model. However, the k–" model includes con-
tributions from the large turbulence structures, whereas `s and ¿s

are those of the � ne-scale turbulence alone. On accounting for this
difference,we propose to let

`s D c`` D c` k
3
2 " ; ¿s D c¿ ¿ D c¿ .k="/ .30/

where c` and c¿ (c`; c¿ < 1:0) are constants to be determined empir-
ically.

Earlier we have noted that Oqs is a measure of the intensity of the
� uctuation of the kinetic energy of the � ne-scale turbulence. We,
therefore, expect it to be proportional to q , where q D 2

3
N½k. We will

let

Oq2
s c2 D A2q2 .31/

where A is the third empirical constant.
With Eqs. (30) and (31), the two-point space–time correlation

function (27) is known save for the three constants c`, c¿ , and A.
These constants are to be determined by best � t of the calculated
noise spectra to experimental measurements.

IV. Formula for the Noise Spectrum
On substitution of Eq. (27) into Eq. (26), the noise spectrum in

the far � eld is given by

S.x; !/ D
1

¢ ¢ ¢
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c2¿ 2
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£ ±.! ¡ !2/ dt1 dt2 d!1 d!2 dx1 dx2 (32)

We will now show that most of the integrals can be evaluated ana-
lytically. The entire expression can be reduced to a single volume
integral over the jet � ow.

The � rst step is to integratedt1. The integrationcan bestbe carried
out by � rst making a change of variable to s, where

s D .t1 ¡ t2/ ¡ .x1 ¡ x2/

Nu
Next, the t2 integrationcan be performedresulting in 2¼±.!1 C !2/.
With ±.!1 C !2/ and ±.! ¡ !2/ in the integrand, the !1 and !2

integrals can be readily evaluated giving
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(33)

In Eq. (33), the integrandis nearlyzero unlessx1 is close to x2. Be-
causex is in the far � eld, the adjointGreen’s function pa.x1; x; ¡!/
and pa.x2; x; ¡!/ differ primarily by a phase factor. The phase dif-
ference can be assessed by ray acoustics. Figure 4 shows the rays
from a faraway point x to x1 and x2 . The rays are essentiallyparallel
except after entering the jet � ow. We will now use a spherical polar
coordinate system centered at the nozzle exit with the polar axis co-
incidingwith the x axis, or the jet axis. Let the sphericalcoordinates
of x be .R; 2; Á/, where 2 is the polar angle. The paths for the rays
to x1 and x2 differ by a length nearly equal to AC D .x1 ¡ x2/cos2
(see Fig. 4). The phase difference is equal to wave number times the
difference in path lengths. Thus, the two adjoint Green’s functions

Fig. 4 Schematic diagram showing the difference in ray paths between
source pointsx1 andx2 froma far-� eld pointxwith spherical coordinates
(R H ).
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differ by a phase factor of exp[i.!=a1/cos2.x1 ¡ x2/], where a1
is the ambient sound speed.

We will now adopt the approximation

pa.x1; x; ¡!/ ’ pa.x2; x; ¡!/exp i
!

a1
cos 2.x1 ¡ x2/ .34/

Equation (34) may also be obtained by invoking a locally parallel
� ow approximation. On substitution of Eq. (34) into Eq. (33) and
on noting that pa.x2; x; ¡ !/ D p¤

a.x2; x; !/, where ¤ indicates the
complex conjugate, the integrals over x1 can be easily evaluated.

Fig. 5a Cold jet noise spectra at H = 60 deg, Tr/T1 = 1 0, and Mj = (a)
2.0, (b) 1.49, (c) 0.9, (d) 0.7, (e) 0.5, and (f) 0.3: ——, experiments,10 32

and¢ ¢ ¢ ¢ , Eq. (36).

Fig. 5b Cold jet noise spectra at H = 90 deg and Tr/T1 = 1 0.

This gives
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The spectral density S.x; !/ has the dimensions of (pressure)2

time. On converting to decibel per Strouhal number ( f D j =u j ),
where u j and D j are the fully expanded jet velocity and diame-
ter, the spectral density of the sound pressure � eld at .R; 2; Á/ is

S R; 2; ÁI
f D j

u j
D 10 log

4¼ S.x; !/

p2
ref.D j=u j /

.36/

where pref is the reference pressure of the decibel scale.

Fig. 5c Cold jet noise spectra at H = 120 deg and Tr/T 1 = 1 0.

Fig.6 Hot jet noise spectra atMj = 2 0,Tr/T1 = 1 8,and H = (a)69 deg,
(b) 91 deg, and (c) 117 deg: ——, experiments,10 and¢ ¢ ¢ ¢ , Eq. (36).
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V. Comparisons with Experiments
Before we compare the numerical results of formulas

(36) and (35) with experimentalmeasurements,it is believedworth-
while to describe brie� y how the various quantities and integrals of
these formulas are determined and evaluated. Essentially the com-
putations are carried out in three steps. First, with a prescribed jet
operating condition, the mean � ow and the values of k and " are
calculated following Ref. 31. Once k and " are found, `s , ¿s , and
Oq2
s =c2 are determined by Eqs. (30) and (31). The second step is to

Fig. 7 Effect of jet temperature on the noise spectrum at 90 deg for
a Mach 2.0 jet at Tr/T1 = (a) 2.72, (b) 1.8, (c) 1.12, and (d) 1.0: ——,
experiments,10 and¢ ¢ ¢ ¢ , Eq. (36).

Fig. 8a Dependence of the peak level of the noise spectrum at H =
90 deg on velocity and temperature ratios at Tr/T1 = 1.0, and ——;
1.4, 4 and - - - -; 1.8, and —¢ —; 2.2, and ¢ ¢ ¢ ¢ ; 2.7,+ and — – —;
3.3, £ and –¢ –¢ ; 4.1, 5 and — —; and 4.9, and –¢ ¢ – , where symbols
are measurements10 32 and lines are Eq. (36).

make use of the calculated mean � ow to � nd the adjoint Green’s
function as in Ref. 27. Finally, the volume integral is evaluated by
dividing the jet axially into slices of 0:5 diameter. Azimuthally, the
adjoint Green’s function is expressed in Fourier modes. They are
summed over. In the radial direction, a very � ne mesh is used in the
volume integration.

We will compare formula (36) with four sets of data. They are
the data of the Jet Noise Laboratoryof the NASA Langley Research
Center measured by Seiner and reported in Ref. 10 and the Norum
and Brown,32 Tanna et al.,33 and Ahuja34 data. The NASA Lang-
ley data are from supersonic jets at temperature ratio of 1.0–4.9.
The Norum and Brown data include both subsonic and supersonic
cold jets. The Tanna et al. data are from subsonic and supersonic
jets. Only hot jet data at supersonic Mach number are considered
of good quality to be included for comparison. The Ahuja data are
all at subsonic Mach number at room temperature. There is overall
consistency among the four sets of data. However, for hot jets at
supersonic speed, the NASA data is approximately 1–2 dB higher
than the Tanna et al. measurements.33 Generally speaking, we be-
lieve that there is an uncertainty in the data of the order of 1–2 dB.

Before formulas (35) and (36) can be used, the three empirical
constants c`, c¿ , and A have to be determined. After some trial and
error to obtain best � t to the data, the following values are selected:

c` D 0:256; c¿ D 0:233; A D 0:755 .37/

These are the values used throughout the rest of the paper.
Figures 5a–5c show comparisons of the calculated noise spec-

tra and the experimental measurements of Refs. 10 and 32 at
Tr =T1 D 1:0. The spectra are scaled to a distance of 100D j . Shown
in Fig. 5 are data from jets at fully expanded jet Mach number
M j D 2:0, 1.49, 0.9, 0.7, 0.5, and 0.3. Figure 5a is for noise radia-
tion at 2 D 60 deg. As can be seen, there are excellent agreements
between the calculated spectra and measurements except at very
high frequency. At very high frequency, the measurements are less
reliable as they are close to the high-frequencycutoff of the micro-
phones. Figure 5b shows similar comparisons at 2 D 90 deg. The
agreements are again excellent except for the M j D 1:49 case. The

Fig. 8b Same as Fig. 8a: data from Refs. 33 and 34.
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two broadband peaks on the high-frequency side of the spectrum
are broadbandshock associatednoise.7;8 ;35 They should be ignored
in the comparison. In Ref. 10, this was noticed when comparing the
spectrum of a perfectly expanded jet against that of an imperfectly
expanded jet at identical operating conditions. Figure 5c shows the
comparisons at 2 D 120 deg. Again, there are good agreements. In
the forward direction, most supersonic jet spectra, invariably, con-
tain broadband shock noise. The difference between the calculated
and measured spectra at M j D 2:0 and 1.49 is mainly due to the
presence of broadband shock associated noise.

Figure 6 shows the comparisons of hot jet spectra. The jet Mach
number and temperature ratio are � xed at 2:0 and 1:8, respectively.
The spectra in three directions are provided. There are good agree-
ments between the calculated spectra and the experimental mea-
surements. This is true both in the peak level and spectral shape.
The slight difference for the case at 2 D 117 deg. is again due to
the presence of broadband shock associated noise in the forward
direction.

To test whether formula (36) can predict accurately the change
in noise spectrum with jet temperature, the noise data of Ref. 10
at Mach 2.0 in the 2 D 90 deg direction are used for comparison.
Figure 7 shows the calculated and measured spectra at four jet tem-
perature ratios ranging from 1:0 to 2:72. As can readily be seen,
there is again good agreement in each case.

To provide a global comparison of the calculated results of for-
mula (36) and experimentalmeasurements over a broad range of jet
velocity and temperature, the peak value of S.R; 2; ÁI f D j =u j / at
2 D 90 deg are plotted in Figs. 8a and 8b as a function of u j=a1 . It
was found in Ref. 10 that the data in such a plot tended to align them-
selves along nearly parallel lines according to the jet temperature
ratio Tr =T1 . Figure 8a shows the comparison between the calcu-
lated results of formula (36) and the data from Refs. 10 and 32. On
consideringthat there is a fair amountof scatteringin the experimen-
tal data, the overall agreement is excellent.Here the jet temperature
ratio varies over a range of 5. This brackets all present-day com-
mercial jet engine operating conditions. The calculated noise level
and measurements are in close agreement at nearly every tempera-
ture ratio. Figure 8b shows the comparison between the calculated
results and the measurementsof Tanna et al.33 and Ahuja.34 There is
a fair amount of scattering of the subsonic jet data, but they cluster
around formula (36). There is also good agreement at supersonic
jet velocities.As noted before, the NASA Langley Research Center
data10 are consistently 1–2 dB higher than the Tanna et al.33 data.
The calculated results appear to lie right between these two sets of
measurements.

VI. Concluding Remarks
In this work a semi-empiricaltheory for the predictionof the � ne-

scale turbulence noise component of high-speed jets is developed.
The � ne-scale turbulence noise is the dominant noise component
in the sideline and upstream directions.By comparison with exper-
imental measurements over a wide range of jet velocity and tem-
perature ratios, it is found that the theory can provide very accurate
noise prediction.

The present theory is semiempirical. Two critical components of
the theory are the model two-point space– time noise source corre-
lation function and the k–" turbulencemodel. Both models contain
a fair amount of empiricism. There is, therefore, room for improve-
ments. Theoretically, it would be desirable to be able to derive the
two-pointspace–time correlationfunctionfrom� rst principleand/or
to replace the k–" model by a less empiricalturbulencetheory.How-
ever, such an endeavor is beyond the scope of the present work.

Despite the inherent semiempirical nature of the present theory,
the accuracy of the prediction over such a broad range of jet ve-
locities and temperatures makes it superior to other methods in the
literature and in practice. The present method can provide accurate
spectralpredictionthat is vital to applicationsin which the use of the
perceived noise level is required. The prediction of noise spectrum
has proven to be most dif� cult in the past. Many existing theories
are capable of calculating only noise intensity. From a practical
standpoint,we believe the present work should be of interest to the
aeroacoustics community in need of a better jet noise prediction
methodology.
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